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Abstraclll]. Let {R, m) be a Noetherian local rina; /, J two ideals of R 
and M a finitely generated i?— module. It is first shown that for > — 1 
the integer = depth^ (/, J^M/ J^+^M), it is the length of a maximal 
(J^M/ J^+^M)— sequence in dimension > k in I defined by M. Brodmann 
and L. T. Nhan [1], becomes for large n independent of n. Then we prove 
in this paper that the sets J^xr,. AssR(i/j( J"M/ J^+^M)) with A; = -1 or 

k = 0, and J^xn Ass R{Hj {.r M / .r+^M)) U {m} are stable for large n. We 
' also obtain similar results for modules M/ J'^M. 

O ■ 1 Introduction 

O I Let [R, m) be a Noetherian local ring, /, J two ideals of R and M a finitely generated 

i?— module. This paper is concerned the asymptotic stability of sets of associated prime 
ideals AssR{Hj{J''M/ .r+^M)) and Ass/? (if j(M/J"M)). There are two starting points 
for our investigation as follows. 

; Firstly, In 1979, M. Brodmann [1] had proved that the sets Assr( J"M/ J'"+^M) and 

Assr{M / J'^M) are stable for large n. Based on this result he showed in P, Theorem 
2 and Propositionl2] that the integers depth(/, J^-M/J^-^^M) and depth(/, M/.rM) 
take constant values for large n. Recently, M. Brodmann and L.T. Nhan introduced 
the notion of M— sequence in dimension > km [3]: Let k be an integer k > —1. A 
sequence Xi, . . . , of elements of m is called an M— sequence in dimension > /c if Xj ^ p 
for all p G Assr(M/(xi, . . . ,Xj_i)M) with dim(i?/p) > k and alH = 1, . . . ,r. They also 
showed that every maximal M— sequence in dimension > A; in / have the same length. 
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and the common length is the least integer i such that there exists p G Snpp{H}{M)) 
with dim(i?/p) > k. For convenience, we denote this common length by depth;. (/, M). 
It should be mentioned that depth_]^(/, M) is just depth(J, M) the length of a maximal 
M-sequence in /, deptho(/, M) is the filter depth f-depth(/, M) with respect to the 
ideal / defined by R. Lii and Z. Tang |14j, and depthi(/, M) is the generahzed depth 
gdepth(/, M) with respect to the ideal / defined by L.T. Nhan [20]. The first result of 
this paper is a generalization of Brodmann's Theorem. 

Theorem 1.1. For all k > -1, depthfc(/, J"M/J"+iM) and dept\{I , M/ J^'M) take 
constant values and Sk, respectively, for large n . 

Secondly, in 1990, C. Huneke |9, Problem 4] asked whether the set of associated 
primes of H\{M) is finite for all generated modules M and all ideals /. Affirmative an- 
swers were given by G. Lyubeznik [15] and Huneke-R.Y. Sharp [10] for equicharacteristic 
regular local rings. Although, A. Singh [2T] and M. Katzman [TT] provided examples of 
finitely generated modules having some local cohomology with infinite associated prime 
ideals, the problem is still true in many situations ( see [3] [12], [13], [16], [20]...). Espe- 
cially, it was proved in [T3] and [20] that A.ssr{H\{M)) is finite for all j < depthi(/, M). 
From this and Theorem II. II we obtain for all j < ri = depth]^(J, J^M/ J'^^^M) and i < 
si = depths ( J, M/J"M) that the sets Assij(i/] (J^M/J^+^M) and Assij(ff|(M/J"M) 
are finite for large n. So it is natural to ask the following question: 
Are the sets AsSij(//]( J" M/J^+^M)) and Assr{H}{M/ J^'M)) for j < ri and i < Si 
stable for large n ? 

The main result of this paper is the following theorem which shows that a weakening 
of the above questions may have a positive answer. 

Theorem 1.2. Let k > —1 be an integer, and r^, Sk as in Theorem Then the 

following statements are true. 

(i) Ass r{Hj-\J''M/J''+^M)) and kssR{H'f\M/rM)) are stable for large n. 

(ii) IJ Ass R{Hi{rM/r+^M)) and |J kssR{H\{M / T M)) are stable for large n. 

j<ro j<so 

(iii) [j kssR{H\{rM/r+^M)) U {m} and |J Ass R{Hj {M / TM)) U {m} for all j < vi 

t<j t<i 

and i < Si are stable for large n. 

Notice here that since r_i < rg < ri as well as s_i < Sq < Si and the modules 
Hj{J'^M/J'^'^^M), H\{M/ J'^M) are either vanished or Artinian for all j < tq and i < Sq 
by [H], the question is trivial at these j, i. So the conclusion (i) of Theorem 11.21 is the 
first non-trivial answer to the above question at j = r_i and i = s_i when r_i = Tq and 
s_i = Sq. Moreover, the conclusion (ii) (the conclusion (iii), respectively) of Theorem 1 1.2 1 
says that except the maximal ideal m (a finite set, respectively) the sets in the question 
above are stable for all j < tq and i < sq (j < ri and i < si, respectively). 

This paper is divided into 5 sections. In Section 2 we study some properties concern- 
ing generalizations of the depth of a finite generated module over a local ring. Theorem 
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11.11 will be also showed in this section. Sections 3, 4 and 5 are devoted to prove the 
statements (i), (ii) and (iii), respectively, of Theorem 11.21 



2 Asymptotic stability of generalizations of depth 

Throughout this paper, {R, m) is a Noetherian local ring with the maximal ideal m, /, J 
two ideals of R and M is a finitely generated i?— module. 

Definition 2.1. (|4l Definition 2.1]) Let A; > — 1 be an integer. A sequence xi, . . . ,Xr 
of elements of m is called an M— sequence in dimension > k if Xi ^ p for all p G 
Assr{M/ (xi, . . . , Xi-i)M) with dim(i?/p) > k and alH = 1, . . . , r. 

It is clear that M— sequence in dimension > — 1 if and only if it is a 

regular sequence of M ; and Xij • • • J Xf IS clll M— sequence in dimension > if and only if 
it is a filter regular sequence of M introduced by P. Schenzel, N. V. Trung and the first 
author in [8]. Moreover, Xij • • • J Xf> IS cLll M— sequence in dimension > 1 if and only if it 
is a generalized regular sequence of M defined by L. T. Nhan in |20j . 

Remark 2.2. (i) Let khe a non negative integer. Assume that dim(M//M) > k. Then 
any M— sequence in dimension > A; in J is of finite length, and all maximal M— sequence 
in dimension > in / have the same length which is equal to the least integer i such 
that there exists p G Supp(if)(M)) with dim(i?/p) > Lemma 2.4]). We denote in 

this case by depth^,(/, M) the length of a maximal M— sequence in dimension > k in I. 
Moreover, if xi, . . . , is a maximal M— sequence in dimension > A; in /, then xi, . . . ,Xr 
is a part of system of parameters of M, and thus depth;i,(/, M) < dim(M ) — dim(M/ IM). 
Note that depth_i(J, M) is the usual depth depth(/, M) of M in /, deptho(/, M) is the 
filter depth f-depth(J, M) of M in J denoted by Lii and Tang in [13] and depth^(J, M) 
is just the generalized depth gdepth(J, M) of M in J defined by Nhan [20] . 

(ii) If dim(M//M) < k, then we can choose an M— sequence in dimension > A; in / of 
length r for every positive integer r, and we set in this case that depth^(J, M) = oo. 

Let 5" be a subset of Spec{R) and i > an integer, we set 

S>i = {p G 5*1 dim(i?/p) > i} and S^i = {p G S*] dim(i?/p) > i}. 

Lemma 2.3. Let k > —1 be an integer. Then 

depthfc(/,M) = inf{j | dim(Ext^R(i?//, M)) > k} 

= inf{depthfc_i(Jp,Mp) I p G Supp(M//M)>i} 

for all < i < k + 1 , where we use the convenience that inf(0) = oo. 

Proof. Since depth;,(/,M) = oo if and only if dim(M/JM) < k, the statement is clear 
for the case depth;i.(/, M) = oo. Assume that r = depth;,(J, M) is a non negative integer. 
By [U Lemma 2.4], we get 

r = inf{i | 3p G Supp(i7i(M)), dim(i?/p) > A;}. 
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Moreover, by [TJ Lemma 2.8], we have 

U Snpp{Hf{M)) = U Supp(Ext^^(i?//, M)) 

for all Z > 0. It follows that r = inf{j | dim(Ext'^(i?//, M)) > k}. To prove the second 

equality, let Xi, . . . , Xj. G / be an M— sequence in dimension > k, and i G {0, . . . ,k + 
1}. For each p G Supp (M/JM) 

>-h xi/1, . . . , Xr/1 is an Mp— sequence in dimension 
> k — i in Ip] and thus r < depth;i._j(/p, Mp). On the other hand, by the first equality, 
there exists q G Supp(Ext^(-R/J, M)) with dim(i?/q) > k. Hence, we can choose a 
prime ideal p' such that p' 3 q, dim(i?/p') = i and dim(i?p//q_Rp/) > k — i. Therefore 
q-Rp' G Supp^ ,(Ext^ ,(-Rp'/-^p'> ^p'))>fc-«- It follows that r > depth;,_j(/p/, Mp/), and so 
r = inf{depthfc_j(Jp,Mp) | p G Supp(M//M)>i} as required. □ 

Let 71 = ®n>oRn be finitely generated a standard graded algebra over _Ro = -R, and 
M. = ©„>oM„ is a finitely generated graded 7^— module. For the convenience, we use 
Nn to denote from now on either the i?— module M„ or M/ J^M. Then Brodmann's 
Theorem on the asymptotic stability of associated prime ideals p] (see also [Hi Theorem 
3.1]) can be stated as follows. 

Lemma 2.4. The set AssR{Nn) is stable for large n. 

Lemma 2.5. Let k > —1 and r > 1 be integers. // dim(Ext^(i?/J, A/^^)) < k for 
infinitely many n and all i < r. Then there always exists a sequence of r elements 
Xi, . . . ,Xr E I which is an Nn— sequence in dimension > k for all large n. 

Proof. Assume that T is an infinite subset of the set of integers such that for all n G T 
and i < r we have dim(Ext^(i?//, iV^)) < k . We proceed by induction on r. If r = 1, 
then dim(Hom(i?//, Nn)) < k for all n G T. It implies / ^ p for all p G AssR{Nn)>k and 
all n E T. Since AsSij(A^„) is stable for large n by Lemma 12.41 there exists an integer 
a E T such that / ^ p for all p G AsSij(A^„)>fc and all n > a. Hence, we can choose an 
element xi E I which is an A^„— sequence in dimension > k for all n > a. Assume that 
r > 1. Note that dim(0 -.n^ Xi) < k and dim(Ext*^(i?//, A/'„)) < k for all n G T with 
n > a and alH < r. From this, by using the following exact sequences 

Ext^i?//, Ar„) Ext^i?//, Ar„/(0 :;v„ x^)) ^ Ext'+\R/I, (0 :,v„ x^)) 

and 

Ext^-i(i?/J, Ar„) ^ Ext'j^\R/I,Nn/xiNn) ^ Ext^(i?/J, Ar„/(0 xi)), 

we obtain that dim(Ext^(-R//, Nn/xiNn)) < k for all ri G T with n > a and alH < r — 1. 
Hence, by inductive hypothesis, there exists an A^„/xiA^n— sequence in dimension > k 
X2, ■ ■ ■ ,Xr G / for all 72 > a for some a G T as required. □ 

Proof of Theorem II. li By Lemma 12.41 there is an integer m > such that d = 
dim(A''„) and d' = dim{Nn/ INn) for all n > u. \i d' < k, then depth^,(J, A''^) = oo for 



4 



n> u, and the conclusion follows. 

Assume that d' > k. Then < depth^(J, A^„) < d — d! for all n > m by Remark 12.21 (i). 
Thus there exists an infinite subset T of Z, and an integer r G {0, . . . , d — d'} such that 

r = inf{z I dim(Ext^(i?//, A/'„)) > k} 

for all n & T . We will show that depth;j(/, A^„) = r for all n large. Indeed, if r = 0, then 
dim(Hom(/?//, Nn)) > k for all neT. Since Ass/j(Hom(i?//, Nr,)) = AssR{Nn) n V{I), 
we get by Lemma [2.41 that the set Assi{(Hom(i?//, A^„)) is stable for all n > a for some 
a eT . It follows that depth;, (J, A'"^) = for all n > a. If r > 1, then we get by Lemma [23] 
that depth^(/, Nn) > r for all n > f for some v > 0. Therefore dim(Ext^(i?//, N^)) < k 
for all n > f and all i < r. Assume that dim(Ext^(i?//, A^)) < k for all n in an 
infinite subset S of Z. Then there exists by Lemma 12.51 an integer b > v such that 
dept\{I,Nn) > r + 1, and so dim(Ext^(i?//, A'„)) < k for all n > 6 by Lemma ESI 
This contradicts the definition of r. Thus there exists an enough large integer c such 
that dim(Ext^(i?//, A'n)) > k and dim(Ext*^(i?//, A'n)) < k for all n > c and i < r. 
Therefore by Lemma [2.31 again we get depthj!j.(/, A„) = r for all n > c . □ 

In view of Theorem II. if r = depth^(/, A^„) for all n large, we call that r is the 
eventual value of depth^(/, A„). By Lemma [2.51 and the proof of Theorem 11.11 we get 
immediately the following consequence. 

Corollary 2.6. Let k > —1 be an integer and r the eventual value o/ depth^(J, A„). 
Then 

r = m{{i I dim(Ext^(-R//, A^„)) > k for infinitely many n}. 

Lemma 2.7. Let k > —1 be an integer. Assume that r and s are the eventual values of 
depth;,(/, J^M/ J^^^M) and depth;, (/, M/ J"M), respectively. Then we have r > s. 

Proof Let n > 0. Set r{n) = depthfc(/, J"M/J"+^M) and s(n) = depth;.(/, M/ J"M). 
By the short exact sequence 

rm/r^^M m/t^^m m/tm o, 

we get the long exact sequence 

> Ext^~\R/I,M/rM) Extij(i?//, rM/r+^M) 

Ext^{R/I, M/.r+^M) ^ ■ ■ • . 

Therefore for any j < min{s(?7,) + 1, s{n + 1)} we get by Lemma [2.31 that 

dim(Exti^(i?//, rM/r-^^M)) < k. 

It implies that r(n) > min{s(n) + l, s{n+l)} by Lemma [2^31 Note that, by the hypothesis 
of r and s, there exists an integer a > such that r = r(n) and s = s{n) for all n > a. 
It follows that r > s. □ 
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Recall that a sequence xi,. . . ,Xr € / is called an I— filter regular sequence of M if 
Xi ^ p for all p G Assr{M/{xi, . . .,Xi_i)M) \ V{I) and alH = 1, . . . ,r, where V{I) is 
the set of all prime ideals of R containing /. 

Lemma 2.8. Let k > —1 be an integer and r the eventual value of depth /^{I , Nn) . 
Assume that 1 < r < oo. Then there is a sequence Xi, . . . ,Xr in I which is at the same 
time a permutable Nn— sequence in dimension > k and a permutable I— filter regular 
sequence of Nn for all large n. 

Proof. Let / be an integer that such 1 < I < r. We will show by induction on / the 
existence of a sequence of / elements in / satisfying the conclusion of the lemma. If 
/ = 1, then by Lemma [2.41 we may assume that Assr(A^„) is stable for all n > t for some 
integer t > 0. Since r > 1, / ^ p for all p G AssR(A^„)>fc and all n > t. From this, by 
the Prime Avoidance Theorem, / ^ p for all p G AssR{Nn)>k U (AsSij(A^„) \ V{I)) and 
all n > t. Therefore, there is an element Xi G / satisfying our lemma. 

Assume that 1 < I < r and there already exists a sequence xi, . . . ,xi-i G / which 
is at the same time a permutable A^„— sequence in dimension > k and a permutable 
/—filter regular sequence of Nn for all n > t for some integer t > 0. Let Q be the set of 
all subsets of {1, . . . , / — 1}. Hence, since Q is finite, we get by Lemma [2.41 that the set 



is finite and stable for all n large. Hence there exists an element xi E I such that xi ^ p 
for all p G T by the Prime Avoidance Theorem. Then with the same method that used 
in the proof of Brodmann-Nhan in |4|, Proposition 2.5], we can show that Xi, . . . , is at 
the same time a permutable A^„— sequence in dimension > k and a permutable /—filter 



Finally, we recall the following fact which will be used in the sequel. 

Lemma 2.9. (see 1-2], [191 3-4]) If xi, . . . ,Xr is an I~filter regular sequence of M 
then we have 



In the rest of this paper, instead of depth_]^(/, M), depthQ(/, M) and depth]^(/, M) we 
denote, by tradition, by depth(/, M), f-depth(/, M) and gdepth(/, M), respectively. We 
first recall a known fact on local cohomology modules. 

Lemma 3.1. (cf. |6l Theorem 2.4]) Let r = depth(/, M). Assume that 1 < r < oo and 
Xi, . . . ,Xr a regular sequence of M in I. Then we have 



T= U (Ass/j(A^„/S,eAX,iVO>fcU(AssK(Ar„/S,eAX,-A^„)\r(/))) 



regular sequence of Nn for all large n. 



□ 




3 Proof of Theorem [13], (i) 



Ass«(//;(M))=Assh(M/(xi,..., 



Xr)M) n V{I). 
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The statement (i) of Theorem 11.21 is then an immediate consequence of following 
theorems. 

Theorem 3.2. Let r be the eventual value o/depth(J, M„). Then the set Ass/j(i/J(M„)) 
is stable for large n. 

Proof. If r = oo then AssR(i/J(M„)) = for all large n. If r = then AsSij(i7?(M„)) = 
AsSij(M„) n V{I) is stable for large n by Lemma 12. 4[ It remains to consider the case 
1 < r < oo. Then we get from Theorem II. H Lemma [2741 and Lemma [2781 that there exists 
a positive integer a such that for all n > a the following are true: (i) r = depth(/, M„); 
(ii) there exists a sequence xi, . . . ,Xr £ / which is a regular sequence of M„; and (iii) 
the set Assr(M„/(xi, . . . ,Xr)Mn) is independent of n. Therefore, we get by Lemma ISTT] 
that 

AssRiH}{Mn)) = Assfi(M„/(xi, . . . ,x,)M„) n ^(7) 
for all n > a, and so that AssR(i7f (M„)) is stable for large n. □ 

Theorem 3.3. Let s be the eventual value o/ depth(/, M/J^M). Then the set 
Ass ii{Hf{M/ J"- M)) is stable for large n. 

Proof. Let r be the eventual value of depth(J, J"' M / J"'^^ M) . Then r > s by Lemma 
12.71 Moreover, we can choose an integer a > such that r = depth(/, M/ J"M) and 
s ~ depth(/, J'^M/ J^^^M) for all n > a. From the short exact sequence 

^ rM/J'^^^M M/J'^^^M M/J'^M 0, 

we get the following long exact sequence 

> Hf\M/J''M) H{{rM/r^^M) 

Hj{M/J"+^M) H{{M/.rM) 

for all n > 0. We consider three cases as follows. 

Case 1: r — 2 > s. By the long exact sequence, we have the following isomorphisms 

i/;(M/J"+^M) = HI{M/.rM) 

for all n > a. Thus Ass r{H f {M / J"' M)) is stable for large n. 

Case 2: r — 1 = s. By the long exact sequence above, we get the exact sequence 

^ H'j{M/J"+^M) HI{M/.rM) H'j-^\.rM/.r'^^M) 

for all n>a. So AssR{Hf{M/r'+^M)) C Assr{HI{M / J'^M)) for all n > a. It follows 
that AssR{HI{M/rM)) is stable for large n, since AssR{Hf{M/J''M)) is a finite set by 
Lemma 13.11 

Case 3: r = s. By the long exact sequence, we have the following exact sequence 
^ H'i{rM/r+^M) H'i{M/r'^^M) HI{M/rM) 
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for all n > a. There exists by Theorem 13.21 an integer b > a such that 

AssR{HI{rM/r+^M) = Assij(i/;(/M//+iM) 

for all n > b. Set X = AssR{Hf{J^M/J''^^M)), then we get by the previous exact 
sequence that 

X C kssR{H'j{M/r+^M)) C Ass r{H'j{M/J''M)) U X 

for all n > b. Hence, for any n > b, we have 

AssR{H'j{M/r+^M)) C AsSij(/7;(M/J"+iM)) UX = Ass r{H } {M / M)). 

Since Ass R^Hj {M / J^+^ M)) is finite by Lemma [311 it follows that Ass R^Hj {M / J'^M)) 
is stable for large ra, this finishes the proof of the theorem. □ 

4 Proof of Theorem 11.21 (ii) 

We first need a characterization of filter depth by the Artinianness of local cohomology 
modules as follows. 

Lemma 4.1. ([THl Theorem 3.1]) f-depth(/, M) = inf{z | H}{M) is not Artinian }. 

Now, we apply Theorems 13.21 and 13.31 to prove the statement (ii) of Theorem II. 2[ We 
will do this in the two following theorems corresponding to Nn = Mn in the graded case 
M = ©„>oM„ and iV„ = M/TM. 

Theorem 4.2. Let he the eventual value o/ f-depth(/, M„). Then the set 
(J Ass R{H-'j{Mn)) is stable for large n. 

j<ro 

Proof. By virtue of Lemmas 12.41 and 14.11 the theorem is trivial for the case of either 
ro = or r = oo. Therefore it remains to prove the theorem in the case 1 < ro < oo. 
Then by Theorem 1 1 . 1 1 and Lemmas 12.41 and 12.81 there exists an integer a such that for all 
n > a the following conditions are true: (i) ro = f-depth(/, M„); (ii) there is a sequence 
xi, . . . ,Xro G / which is at the same time a permutable filter regular sequence of M„ and a 
permutable /—filter regular sequence of M„; and (iii) the set AssR{Mn/{xi, . . . , Xro)Mn) 
is independent of n. We first prove that [J ^ Ass R{Hj°{Mn)) is a finite set. Let n > a. 
We have H''°{Mn) = //?(i/g^ _^.^^)(M„) by LemmaEll and 

= lim(M„/(4, . . . ,OMO 
t 

by O Theorem 5.2.9]. Thus by virtue of [U Proposition 2.6] we obtain 

AsSfi(ff]:°(M„)) C IJ Assr{MJ{x{, . . . , X* JM„) = Ass^,(M„/(xi, . . . , x,jM„). 

t>o 

Therefore the set [J„>^ AssR(i/[°(M„)) is finite by the choice of a. From this we 
may assume without Toss of generahty that a large enough such that the set S = 
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[j^^^ Ass R{Hj°{Mn)) only consists of all prime ideals p which belong to Ass ji(Hj°(Mn)) 
for infinitely many n > a. 

Next, we claim that Ass ii{Hj°{Mn)) \ {m} is stable for large n. Indeed, for any p G 
there is an infinite set T of integers such that p G AsSij(ifJ°(M„)) for all n E T. 
Hence i/;^''((M„)p) 7^ so that depth(/p, (M„)p) < tq. As p G Supp(M„//M„) \ {m}, 
depth(/p, (M„)p) > ro by Lemma I2.3[ Thus depth(/p, (M„)p) = tq for all n E T. 
Keep in mind that depth(/p, (M„)p) is stable for large n by Theorem 11.11 Hence 
depth(/p, (M„)p) = ro for all large n. It follows by Theorem O that Assr^ (if;»((M„)p)) 
is stable for large n. Therefore AssR{Hj°{Mn)) \ {m} is stable for large n, and the claim 
follows. 

Let r be the eventual value of depth(J,M„). It is clear that r < rg. If r = ro, then 
[Jj^^^ Ass ji{Hj{Mn)) = Ass/j(ifp(M„)), and this set is stable for large n by Theorem 
13.21 If r < ro, there exists an enough large n such that Hj{Mn) 7^ 0, which is an Artinian 
module by Lemma 14. 1[ It follows that 

U AssniHjiMr,)) = AssRiH^^M^)) U {m} 

j<ro 

is stable for large n, and the theorem is proved. □ 

Before proving the statement (ii) of Theorem 11.21 for M/ J^M, we need the following 
lemma. 

Lemma 4.3. Let A he a suhmodule of an R-module K . Then we have 

Ass r{K/ A) \ Supp(v4) = Ass ii{K) \ Supp(A). 

Proof. Let p G Assr{K/A) \ Supp(A) then p = (A : z/)r for some u e K. It yields that 
pz/ C A. So as Ap = we have (pz^)p = 0. From this, since pu is a finitely generated 
i?-module, it easy to verify that p C ann(ri/) for some r ^ p. For any x G ann(rz/) 
then rx G ann(i/) C (A : h')R = p; so x G p, since r ^ p. Thus p = ann(rz/), so that 
p G Assr{K). It follows that Ass r{K/ A) \Supp{ A) C Assi^(ii') \ Supp(A). The converse 
inclusion is trivial. □ 

Theorem 4.4. Let sq be the eventual value 0/ f-depth( J, M/ J"M). Then the set 
Uj<,o Ass/j(i/j(M/J"M)) zs stable for large n. 

Proof. By Theorem 11.11 there is an integer a such that ro = f-depth(J, J^M/ J"+^M) 
and So = f-depth(/, M/J"'M) for all n > a. By Theorem 13.31 the result is trivial for the 
case Sq = 00. Assume now that sq < 00. Using the last part in the proof of Theorem 14.21 
we need only to show that the set Assr{Hj°{M/ J"'M)) \ {m} is stable for large n. From 
the short exact sequence J''M/J"'+'^M M/T+'^M M/J^M 0, we get the 
following long exact sequence of local cohomology modules 

— > H{-^{M/rM) H{{rM/r+^M) 

for all n > 0. Note that ro > so by Lemma [2?71 Thus we consider two cases as follows. 
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Case 1: tq — 1> sq. By the long exact sequence, we get the following exact sequences 

H'j''{rM/r+^M) Hf{M/r+^M) Hf{M/rM), 

for all n > a, in which Hj°{J^M/ J"'~^^M) is Artinian by Lemma [4.1[ Thus we have 

AssK(//f (M/J"+iM)) \ {m} C kssR[Hf{M/.rM)) \ {m} 

for all n > a. Since Ass r{Hj'^{M/ J"' M)) is finite for n = a hj [6j Theorem 2.5], the set 
AssR(i/f (M/J"M)) \ {m} is stable for large n. 

Case 2: Tq = Sq. Note by Theorem that Ass^? (i/f(J"M/J"+iM)) \ {m} is stable for 
all n > 6 for some integer b > a. Set X = Assr{Hj°{J''M/ J^+^M)) \ {m}. Thus we get 
by the exact sequence 

HI'^-^^M/TM) Hl''{.rM/.r^^M) Hf\M/.r+^M) Hf\M/.rM) 

for all n > a, in which Hj°~^(M/ J^M) is Artinian by Lemma [4. 11 and Lemma [4.31 that 

X C KssR{Hf\M/r+^M)) \ {m} C (Assij(i7f (M/ J'^M)) \ {m}) U X 

for all n > b. Therefore 

Assij (iff (M/J"+'M)) \ {m} C { Ass R{H'j°{M/.r^'M)) \ {m}) U X 

= AssR{Hr{M/r'-'M))\{m} 

for all n > b. Note that Ass r{H j° (M / J'^+'^M)) \ {m} is a finite set for n = 6 by 
P Theorem 2.5]. It follows that Assr{Hj°{M/J''M)) \ {m} is stable for large n as 
required. □ 



5 Proof of Theorem 11.21 (iii) 



To prove the statement (iii) of Theorem 11.21 we first need the following known results. 

Lemma 5.1. ([71 Corollary 4.4]) The following equality holds true 

gdepth(/,M) = inf{i | Supp(iii(M)) is not fimte }. 

Lemma 5.2. ([H Corollary 4.6]) The set Ass{Hj{N)) is finite for all j < gdepth(/, A^). 

The first conclution of Theorem ll.2[ (iii) is a special case of the following result. 

Theorem 5.3. Let ri be the eventual value o/gdepth(J, M„). Then for each I < ri the 
set [J J Ass R{Hj{Mn)) U {m} is stable for large n. 
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Proof. By theorem 11.11 and Lemmas 12.41 and 12.81 we can choose a positive integer a such 
that d = dim(M„), d' = dim(M„/JM„) and ri = gdepth(J, M„) for all n > a. We 
first claim that there is an integer b > a such that 5* = |J„>f, 1J^.<; AssH(-ff/(M„)) is 
finite. In order to do this we consider three cases: ri = 0, ri = cxd and 1 < ri < oo. 
If ri = 0, then S C |J^>^ Assij(M„) is finite by Lemma [231 If ri = oo, then d' < 1, 
so that S C IJ^^^ Supp^(M„//M„) is finite by Lemma [2.41 Now we consider the case 
1 < ri < oo. Then, by Lemma [2^ we can choose an integer b > a such that the following 
statements are true for all n > b: (i) there is a sequence Xi, . . . , G / which is at the 
same time a permutable generalized regular sequence of M„ and a permutable /—filter 
regular sequence of M„; and (ii) the sets Assii;(M„/ . . . , yj)Mn) are stable for all j < 
Ti. From this and [H Proposition 2.6] we have S C |J^>^ V}j<i Assr(M„/ . . . , yj)Mn). 
Therefore 5* is finite by Lemma 12.41 again, and the claim is proved. 
Since S is finite, we can choose the integer b enough large such that S only consists of all 
prime ideals p, which belong to [J^-^^ AssH(-f//(M„)) for infinitely many n > b. For any 
p G S>i, by Theorem ll.il there is an integer n(p) > b such that r(p) = depth(/p, (M„)p) 
and ro(p) = f-depth(/p, (M„)p) for all n > n{p). Then, by the choice of S and Lemma 
EJl we obtain that r(p) < / < ri < ro(p). If / < ro(p), U,<, Ass,j^ (i/j^ ((M^p)) = 
{pi?p} for all n > n(p) by Lemma 14.11 If / = ro(p), it follows from Theorem 14.21 
that [jj^iAssR^{Hj^{{Mn)p)) is stable for all n > m(p) for some integer m(p) > b. 

Therefore |J^<; AssR(i/|(M„)) U {m} is stable for all n > max{n(p), m(p) | p G S'>i} as 
required. □ 

Finally, by applying Theorem 15.31 we can prove the statement (iii) of Theorem 11.21 
for the /^-modules M/J"M. 

Theorem 5.4. Let si be the eventual value o/gdepth(J, M/ J"'M). Then for each I < si 
the set [j. Ass R{Hj{M/J''M)) U {m} is stable for large n. 

Proof. By Theorem 11.11 there is an integer a such that ri = gdepth(/, J^M/ J^^^M) 
and $1 = gdepth(J, M/ J^M) for all n > a. Note that Si < r^ by Lemma 12. 7[ For any 

< / < Si we set 

Xi{n) = [j Ass R{Hj{M/J''M)) U {m} and Si{n) = |J Assjj(/7i( J" M/J"+^M)) U {m}. 

We will show by induction on / that the set Xi{n) is stable for large n. It is nothing to 
prove for the case 1 = 0. Let Z > 0. From the short exact sequence 

^ ru/r^^M M/r^'^M m/tm o 

we get the following long exact sequence 

— > Hf\M/rM) Hi{rM/r+^M) 

^ hI{M/J"+^M) H{{M/.rM) 
for all > 0. From this, for any j < I and n > a we have 

Assr{H\{M / .r+^ M)) C Assij(i/i(M/ J"M)) UAssR(Im(/j)). 
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Note that 

AssR(Im(/,)) C Assn{Hf{rM/r+'M)) U Supp^(Ker(/,)) 

by Lemma 1131 Since j -1 < Si, Supp^(i7j~'(M/ J"M)) is a finite set by Lemma I5.H 
so that 

SuppR(Ker(/j)) C Supp^(i/r^ (M/J"M)) C AssR{Hj-\M/ J^'M)) U {m}. 
Therefore we get 

Xi{n + l)CXi{n)USi{n). 
On the other hand, by the long exact sequence above and Lemma 15.11 we have 

kssR{H{{rM/r+^M)) C AssR{Hj{M/.r+'M)) U SuppR{Hj-\M/.rM)) 

C Ass R{Hj{M/r+^M)) U Ass R{Hf\M/r'M)) U {m}. 

Hence 

5zH CX,(n + l)UX,„i(n) 

for all n > a. By Theorem 15.31 and the inductive hypothesis, there exists an integer b > a 
such that Si{n) = S and Xi_i{n) = X for all n >b. Therefore, since X = Xi_i{n + 1) C 
Xi{n + 1), 

S C Xi{n + l)UX = Xi{n + 1) 
for all n > b. Finally, we obtain the following inclusions 

Xi{n + 2) C Xi{n + 1) U S C Xi{n + 1) 

for all n > b. Thus X{n) is stable for large n, since Xi{b + 1) is finite by Lemma [5.2[ 
and the proof of Theorem 15.41 is complete. □ 
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